Abstract. A characterization of the minimal W-algebras associated with the Deligne exceptional series at level −h ∨ /6 is obtained by using one-parameter family of modular linear differential equations of order 4. In particular, the characters of the Ramond-twisted modules of minimal W-algebras related to the Deligne exceptional series satisfy one of these differential equations. In order to obtain the characterization, the differential equations in the one parameter family which have solutions of "CFT type" are classified, whose solutions are explicitly described.
Introduction
The modular linear differential equations (MLDEs) play an important role in the study of 2D conformal field theories, the theory of vertex operator algebras (VOAs) and the theory of modular forms (see e.g. [MMS1] , [KZ2] , [DLM] , [Mil] , [T] and [AKNS] ). For example, they have appeared in attempts to classify C 2 -cofinite, rational VOAs and rational conformal field theories (RCFTs) from their characters.
S. Mathur, S. Mukhi and A. Sen classified the unitary RCFTs whose characters satisfy the second order MLDE of weight 0
where f is a function on the complex upper-half plane H and E k is the normalized Eisenstein series of weight k ( [MMS1] and [MMS2] ). Here
(The eq. (♯ µ(t) ), where µ(t) = t(t+2)/144 for t ∈ Q, is known as the Kaneko-Zagier equation [KZ2] .) In [MMS1] and [MMS2] , they showed that such RCFTs coincide with the Wess-Zumino-Witten models (WZW models) at level 1 associated to the Lie algebras in the sequence A 1 ⊂ A 2 ⊂ G 2 ⊂ D 4 ⊂ F 4 ⊂ E 6 ⊂ E 7 ⊂ E 8 , which is called the Deligne exceptional series ( [D] ). Note that the chiral algebra of the WZW model at level k ∈ Z ≥0 associated to a simple Lie algebra g coincides with the affine VOA at level k associated with the same Lie algebra g.
The main theme of this paper is the following relations between MLDEs and VOAs associated with the Deligne exceptional series. We first prove a vertex operator algebraic analogue of the above result in [MMS2] . Let V be a self-dual simple, C 2 -cofinite, rational VOA of CFT type such that the conformal weights of the V -modules are all non-negative and that the characters of modules over V satisfy (♯ s ) for some s ∈ C. We show that V is isomorphic to the affine VOA at level 1 associated with a Lie algebra in the Deligne exceptional series (Theorem 6.1 and Remark 6.1 (ii)).
Moreover, we find other MLDEs related to the Deligne exceptional series: we establish a characterization of W-algebras associated with the Deligne exceptional series in terms of the following one-parameter family of MLDEs of order 4. Let s be a complex number. We study the MLDE of order 4 and weight 0 which has the form
where α 1 = −25s 2 + 120s + 1332 7200 , α 2 = (5s + 6) 2 14400 , α 3 = (s − 18)(s + 6)(5s + 6) 2 8294400 .
In § 3, we give a necessary condition of s ∈ C such that (♭ s ) has a solution of CFT type, where a function f is called of CFT type if f has a q-expansion f (τ ) = q α (1 + ∞ n=1 a n q n ), where α is a rational number and a n is a non-negative integer for each positive integer n. Moreover, we construct exact solutions of (♭ s ) for these values of s in Appendices B-C.
The space spanned by the characters of modules over a simple, C 2 -cofinite, rational VOA of CFT type is invariant under the slash action with weight 0 of SL 2 (Z), and is contained in the space of solutions of a MLDE ( [Zhu] ). The modular invariance property for 1 m Z-graded, simple, C 2 -cofinite, Z m -rational, conical VOAs V is proved in [Va] (see also [DLM] ), where m ∈ Z >0 . Here a 1 m Z-graded VOA V = n∈ 1 m Z V n is called conical if dim V 0 = 1 and dim V n = 0 for all n < 0. (Therefore, the conical Z-graded VOAs are the same as the VOAs of CFT type.) Let W be a 1 2 Z ≥0 -graded VOA. Let W (0) and W (1) be the subspaces of W spanned by the homogeneous vectors of weight Z and 1/2 + Z, respectively. We say that W is proper Z ≥0 -graded VOA is not modular invariant, but the space spanned by the characters of the Ramond-twisted modules is modular invariant (see § 5 for the details).
The W-algebras are satisfy (♭ s ) with (1.1) s = 6(7h ∨ − 18) 5(h ∨ + 6) , where h ∨ is the dual Coxeter number of g. The W-algebras W = W −h ∨ /6 (g, f θ ) satisfy the conditions (a)-(h) (Main Conditions) below:
Main Conditions: (a) There is a complex number s such that the space of characters of Ramond-twisted W -modules is contained in the space of solutions of (♭ s ) and such that any pair of indicial roots of (♭ s ) does not have a non-zero integral difference. (b) The vector spaces W (0) and W (1) have the forms We show that the proper 1 2 Z ≥0 -graded VOA W satisfying (a)-(h) is the W-algebras W −h ∨ /6 (g, f θ ) associated with a Lie algebra g in the Deligne exceptional series (see Theorem 8.1). For the moment, we cannot omit any of these 8 conditions. Although condition (a) provides information on the characters of Ramond-twisted W -modules as (♯ s ) gives information on the characters of RCFTs in [MMS1] and [MMS2] , we note that determining a proper of (♭ s ), which will be used in the proof of Theorem 8.1. In § 5 we briefly recall the notion for VOAs. In § 6.1 we review affine VOAs and give a characterization of the affine VOAs associated with the Deligne exceptional series in terms of (♯ s ). In § 6.2 we study the modules over an extension of the minimal model L(−3/5, 0). In § 7 we show that the characters of the Ramond-twisted modules over minimal W-algebras associated with the Deligne exceptional series satisfy (♭ s ) for s given by (1.1). Theorem 8.1 is proved in § 8. In § 9 we give several comments on the relation between the characters of VOAs and (♭ s ). In Appendix A, we introduce modular forms which are necessary to represent explicit solutions of (♭ s ) which have solutions of CFT type as explained in Appendices B-C. We divide such a set of s into two parts: (I) the number s such that (♭ s ) has a solution of CFT type and each solution of CFT type is not quasimodular of positive depth and (II) the number s such that (♭ s ) has a quasimodular solution of CFT type of positive depth. The quasimodular forms (of positive depth) can be expressed in terms of homogenous polynomials that have modular forms as coefficients with respect to E 2 (cf. [KZ1] ). The solutions of (♭ s ) of case (I) are studied in Appendix B, and that of (♭ s ) of case (II) are studied in Appendix C. In Appendix D, we define polynomials which are used to represent solutions of MLDEs in Appendices B-C.
Overview of the proof of a main result
In this section, we briefly explain how to prove Theorem 8.1 in § 8. By condition (a), we have a restriction on the conformal weights of the Ramond-twisted irreducible W -modules. Then by (b) and (h), we obtain restrictions on the conformal weights of the irreducible V -modules. (The condition (h) is related with the orbifold theory (cf. [CM] ).) By using (a) and (c)-(g), we can study the V -modules and Ramond-twisted W -modules. (The condition (c) is satisfied by all known simple C 2 -cofinite rational VOAs to the best of authors' knowledge.) Suppose that there are only two inequivalent irreducible V -modules up to isomorphisms. It then follows that the space of characters of Ramond-twisted W -modules is two-dimensional. By using the basis of MLDEs given in Appendix B, we see that s = 32/5 and the characters of V satisfies (♯ µ(7/2) ). It then follows by Theorem 6.1 that V ∼ = V 1 (E 7 ), where V k (g) is the affine VOA at level k associated with a finite-dimensional simple Lie algebra g. Then we see that W ∼ = W −5 (E 8 , f θ ) by Lemma 7.1. Suppose that the number of the irreducible V -modules up to isomorphisms is more than 2. Then we can construct the modules of the VOA R = V ⊗ V 1 (A 1 ) ⊕ P ⊗ V 1 (A 1 ; α/2), and we see that the characters of the R-modules satisfy (♯ µ(t) ) with t ∈ Q. It then follows by Theorem 6.1 that R ∼ = V 1 (g) with a Lie algebra g in the Deligne exceptional series. Then we see that W ∼ = W −h ∨ /6 (g, f θ ) by Lemma 7.1. (See § 8 for the detail of the proof.)
Modular linear differential equations with solutions of CFT type
In this section we show that if (♭ s ) has a solution of CFT type, then s belongs to (3.12) on § 3.6.
3.1. Indicial equations. Before studying MLDEs with solutions of CFT type, we recall the notion of indicial equations of MLDEs, which is used to classify such MLDEs.
Let f be a function of the form f (τ ) = q α ∞ n=0 a n q n with α ∈ Q, a 0 = 1 and a n ∈ C for each n ≥ 1. We call the number α the exponent of f . Let n be a non-negative integer, and suppose that α + n = 0 for any n > 0. Let s be a complex number, and suppose that f is a solution of (♭ s ). By substituting the q-expansion of f (τ ) into (♭ s ) and comparing the coefficients of q α+n in the both-sides, we obtain a relation (α + n) 4 a n + n i=0 −e 2,i (n − i + α) 3 a n−i + (3ie 2,i + α 1 (s)e 4,i )(n − i + α) 2 a n−i − i 2 e 2,i + α 1 (s) 2 ie 4,i − α 2 (s)e 6,i (n − i + α)a n−i + α 3 (s)e 8,i a n−i = 0, (3.1) where E k (τ ) = ∞ n=0 e k,n q n is the Fourier expansion of the normalized Eisenstein series of weight k.
By substituting n = 0 into (3.1), we see that α satisfies the relation (120α − 5s − 6)(24α − s − 6)(24α + s − 18)(120α + 5s + 6) = 0, which is called the indicial equation of (♭ s ). The roots α 1 = −s/24 − 1/20, α 2 = −s/24 + 3/4, α 3 = s/24 + 1/4 and α 4 = s/24 + 1/20 of the indicial equation are called the indicial roots (indices) of (♭ s ). Since α ∈ Q and α coincides with one of α 1 , . . . , α 4 , we have s ∈ Q. It is well known that if there is no integral differences among the indicial roots, then for each indicial root α, there exists a solution of (♭ s ) of the form f (τ ) = q α (1 + O(q)). In the following, suppose that f is of CFT type, so that a n ∈ Z ≥0 for n ≥ 1. We call −24α a formal central charge of (♭ s ). For each 1 ≤ i ≤ 4, we call α i − α a formal conformal weight of (♭ s ).
3.2. The case α = −s/24 − 1/20. It follows from (3.1) with n = 1 that (5s − 54) 25s 2 + 5sa 1 + 120s − 42a 1 + 108 = 0. Assuming that s = 54/5, we have (3.2) 25s 2 + 5sa 1 + 120s − 42a 1 + 108 = 0.
By setting t = 5s, we see that (3.2) becomes
which is a monic quadratic in t with integral coefficients. Therefore, any rational solution t is an integer. Since (t − 42)(t + a 1 + 66) = −2880 by (3.3) and both t − 42 and t + a 1 + 66 are integers, we see that s is an element of the set , 27 5 , 6, 32 5 , 39 5 .
The similar discussions above for n = 3 and 4 show that this set reduces to Hence, if f is a solution of (♭ s ) of CFT type, then s is either 54/5 or a value in (3.5).
3.3. The case α = −s/24 + 3/4. In this case, we have (s − 18) 75s 2 + 15sa 1 + 100s − 306a 1 + 348 = 0 by substituting n = 1 into (3.1). Assuming s = 18 and setting t = 15s, we have t 2 +3ta 1 +20t−918a 1 +1044 = 0, which is a monic quadratic equation in t with integral coefficients. Therefore any rational solution t is an integer. Since (t − 306)(t + 3a 1 + 326) = 100800, it follows that s is an element of the set For each value s in the above set, we see that any formal conformal weight of (♭ s ) is not a positive integer by evaluating the value α j −α 2 (j = 1, 3, 4). Therefore, the Fourier expansion of the solution f is determined by (3.1).
By substituting n = 2 into (3.1), we have
For an s in (3.10), the following one gives non-negative integer a 2
Similarly, by considering n = 3, 4, . . . , 32, the set reduces to
Hence, if f is a solution of (♭ s ) of CFT type, then s is either 18 or a value in (3.7). , 4122 5 .
(3.8)
For each value s in the above set, we see that any formal conformal weight of (♭ s ) is not a positive integer by evaluating the value α j −α 3 (j = 1, 2, 4). Therefore, the Fourier expansion of the solution f is uniquely determined by (3.1).
For s in (3.8), the following one gives non-negative integer a 2 : Similarly, by considering n = 3, 4, . . . , 23, the set reduces to
Hence, if f is a solution of (♭ s ) of CFT type, then s is either −6 or a value in (3.9).
3.5. The case α = s/24 + 1/20. By substituting n = 1 into (3.1), we have (5s+66) 25s 2 −5sa 1 + 45s−18a 1 +18 = 0. Assuming s = −66/5 and setting t = 5s, we see that t 2 −ta 1 +9t−18a 1 +18 = 0, which is a monic quadratic equation in t with integral coefficients. Therefore the number t is an integer. Since (t + 18)(t − a 1 − 9) = 180, we see that
For each s in (3.10), we see that any formal conformal weight of (♭ s ) is not a positive integer by evaluating the value α j − α 4 (j = 1, 2, 3). Therefore, the Fourier expansion of the solution f is uniquely determined by (3.1).
Let s be a number in (3.12). In Appendices B-C, we give solutions of the MLDE (♭ s ) of (quasi)modular forms. In this section, we explain our method to construct such solutions of (♭ s ). We first find a certain rational number k and a positive integer N, and construct solutions f of a MLDE (♭ k s ) defined below, assuming that the MLDE (♭ k s ) has solutions of (quasi)modular forms of weight k and level N. It then follows that the function g = η −2k f is a solution of (♭ s ). Thus, we find solutions of (♭ s ) of quasimodular forms.
Moreover, we give some properties of the space of solutions of (♭ s ) which is used in § 8.
4.1. Construction of solutions. In this subsection, we explain our method to construct solutions of MLDEs listed in Appendices B-C. First, we introduce a MLDE (♭ k s ). Let k and s be complex numbers. The differential equation
is a MLDE of order 4 with weight k, where
k+2i−4 (f ) for i ≥ 1 and ϑ 0 * (f ) = f . By setting k = 0 and using relations 24η
, f is a solution of (♭ s ) if and only if η 2k · f is a solution of (♭ k s ). Now we explain how to construct solutions of (♭ s ) of (quasi)modular forms. Let s be a number in (3.12) and α 1 , . . . , α 4 the indicial roots of (♭ s ) introduced in § 3.1, which are rational numbers.
Set k = −12 min{α 1 , . . . , α 4 }. Let N be the least common multiple of the denominators of the numbers α 1 − k/12, . . . , α 4 − k/12. Let F be a solution of (♭ k s ) and suppose that F is a modular form of weight k and level N. The modular forms of level N and weight k are homogeneous polynomials in specific modular forms of level N given in Table 2 in Appendix A. Therefore, by calculating sufficiently many Fourier coefficients of F , we can determine F as a polynomial in the modular forms. In order to show that F does satisfy the MLDE (♭ k s ), we just substitute F to the left-hand side of (♭ k s ) and show that it is zero by using differential relations and functional equations of modular forms given in Appendix A. We can also use a similar method to construct solutions of (♭ k s ) of quasimodular forms. We here perform this method for a typical case s = 6/5. Since the set of indicial roots of (♭ 6/5 ) is given by S = {−1/10, 1/10, 3/10, 7/10}, we have k = 6/5 and N = 5. Let α be any indicial root of (♭ 6/5 ). Let F α be a solution of (♭ 6/5 6/5 ) of the form F α (τ ) = q α+6/5 (1 + O(q)). We suppose that F α is a modular form of weight 6/5 and level 5. It then follows that F α has the form
with β 0 , . . . , β 6 ∈ C, where ψ 1 and ψ 2 are modular forms of weight 1/5 and level 5 given in Table 2 in Appendix A:
12/5 is a solution of (♭ 6/5 ) of exponent α, we can compute any Fourier coefficient of F α by using (3.1). Therefore we can determine β 0 , . . . , β 6 (by computing finite number of Fourier coefficients of F α .) In this way, we see that
Thus we find an explicit description of {F α |α ∈ S} under the assumption that F α is a modular form of weight 6/5 and level 5 for any α ∈ S. By using the differential relations of ψ 1 and ψ 2 written in Appendix A (d), we can show that the right-hand sides of (4.1) do satisfy the MLDE (♭ 6/5 6/5 ). Since {f α+1/10 := F α /η 12/5 |α ∈ S} is a fundamental system of solutions of (♭ 6/5 ), we have an explicit description of solutions of (♭ 6/5 ) in terms of ψ 1 and ψ 2 , as written in Appendix B (f).
In a similar way, we can construct solutions of (♭ s ) listed in Appendices B-C. By using the list of solutions, we have the following theorem.
Theorem 4.1. Let s be a complex number and suppose that (♭ s ) has a solution f of CFT type. Suppose that f is not a quasimodular form of positive depth. Then s is one of the following 17 numbers:
4.2. Modular invariant subspaces. In this subsection we find some properties of the space of solutions of (♭ s ) which is used in § 8. A function f on H is called of character type if f has the form f (τ ) = q β ∞ n=0 a n q n with β ∈ Q, a n ∈ Z ≥0 (n ∈ Z ≥0 ) and a 0 ≥ 1. Proposition 4.1. Let s be one of the numbers −3/5, 2/5, 6/5, 12/5, 18/5, 22/5, 27/5, 6 and 32/5. Let f and g be linearly-independent solutions of (♭ s ) with exponents α and β ∈ Q. Suppose that β − α = 4/5, f is of CFT type, g is of character type, and the space spanned by f and g is modular invariant. Then s = 32/5.
Proof. We show the assertion by contradiction in case by case bases. Suppose that s = −3/5. Then the set of indices of (♭ −3/5 ) is {31/40, 9/40, 1/40, −1/40}. Since β − α = 4/5, we have α = −1/40 and β = 31/40. Therefore, f = f 0 and g = c · f 4/5 with c ∈ C × , where the solutions f h with formal conformal weights h of (♭ −3/5 ) are defined in Appendix B (d). By using the expression of f 0 in Appendix B (d), we can show that f 0 (−1/τ ) = 2/5 sin(2π/5)f 0 (τ ) + sin(π/5)f 4/5 (τ ) + sin(π/5)f 1/20 (τ ) + sin(2π/5)f 1/4 (τ ) . Therefore, the space spanned by f 0 and f 4/5 is not closed under SL 2 (Z), which contradicts the assumption. We can reduce the other cases outside s = 32/5 to contradiction in a similar way. Thus we have s = 32/5.
Proposition 4.2. If either s = −48/5 or −38/5, then there is no modular invariant subspace U of the space of solutions of (♭ s ) such that U is spanned by functions of character type and such that a function of CFT type belongs to U.
Proof. We here only show the case of s = −48/5. The case of s = −38/5 is similarly proved. Since f 0 , f 4/5 , f −1/2 and f −7/10 defined in (a) in Appendix B form a fundamental system of solutions of (♭ −48/5 ), it follows that
As any scalar multiple of f −7/10 is not of character type, it suffices to show c 4 = 0. Suppose that c 4 = 0. Since η 42/5 f 0 is not a modular form (with a multiplier system) on SL 2 (Z), one of c 2 and c 3 is non-zero. Therefore, one of
is a vector-valued modular function on SL 2 (Z). Let λ i be the sum of exponents of all components of the vector F i . Since the exponents of f 0 , f 4/5 and f −1/2 are 7/20, 23/20 and −3/20, respectively, it follows that λ 1 = 27/20, λ 2 = 1/5 and λ 3 = 3/2. Suppose that F i is a vector-valued modular function on SL 2 (Z). It then follows from [Ma, Theorem 3.7] that W (F i )/η 24λ i is a non-zero classical modular form on SL 2 (Z) of weight w = 6 − 12λ i . Then we see that w is negative, it contradicts to the fact that there does not exist a non-zero classical modular form on SL 2 (Z) of negative weight. Hence, we have c 4 = 0, as desired.
Vertex operator algebras
In this section we recall some properties for
Suppose that W is C 2 -cofinite and Z 2 -rational. The σ-twisted W -modules are called the Ramond-twisted modules. It then follows that any Ramond-twisted irreducible
The number h is called the conformal weight of M. If W
(1) = 0, then W is a Z ≥0 -graded VOA, and then the Ramond-twisted W -modules coincide with the untwisted W -modules. The space spanned by the characters of the Ramond-twisted modules is SL 2 (Z)-invariant (see [Va, Theorem 1.3] ).
Let M be a Ramond-twisted irreducible W -module with a conformal weight h.
The exponent of χ M is also called an exponent of M. Suppose that the conformal weight of any Ramond-twisted irreducible W -module is a rational number. The minimum number h min among the conformal weights of all Ramond-twisted irreducible W -modules is called the minimum conformal weight of W . The numberc = c − 24h min is called the effective central charge of
. For a proof of the following lemma, refer to [K2] .
Lemma 5.1. Let W be a vertex operator superalgebra, V a vertex operator subalgebra of W and suppose that W = V ⊕ P with a simple current V -module P . Let w be an element of P and a an integer such that
, then W is a vertex operator algebra.
Affine vertex operator algebras and Virasoro minimal models
In this section we recall the notion of affine VOAs and give a characterization of the Deligne exceptional series by using the MLDEs (♯ s ). Moreover, we study extensions of the Virasoro minimal model L(−3/5, 0), which will be used to study W-algebras.
6.1. Affine vertex operator algebras and second order modular linear differential equations. Let g be a finite-dimensional simple Lie algebra and g the affine Kac-Moody Lie algebra associated with g. The simple affine VOA at level k ∈ C associated with g is denoted by
. Recall the MLDEs of second order (♯ s ) and the number µ(t) = t(t + 2)/144 defined in Introduction.
Let V be a C 2 -cofinite, rational VOA of CFT type with the central charge c ∈ C such that the characters of the modules over V satisfy (♯ s ) and that the conformal weights of the irreducible Vmodules are positive. In [MMS1] , it is shown that the character of V coincides with the character of V 1 (g) with a Lie algebra g in the Deligne exceptional series and s = µ(c/2). Moreover, the unitary RCFTs whose characters satisfy (♯ s ) are classified in [MMS2] : they are the WZW models at level 1 associated to the Deligne exceptional series. We here prove a vertex operator algebraic analogue of this result.
Theorem 6.1. Let V = ∞ n=0 V n be a self-dual vertex operator algebra with the central charge c ∈ C. Suppose that V satisfies the following 3 conditions : (M1) V is simple, C 2 -cofinite, rational and of CFT type, (M2) the characters of the modules over V satisfy modular linear differential equation (♯ s ) of order 2 and weight 0 for some s ∈ C, (M3) dim V 1 ≥ 3. Then V is isomorphic to the simple affine vertex operator algebra at level 1 associated with a Lie algebra in the Deligne exceptional series and s = µ(c/2).
As we shall see in Remark 6.1 below, we can replace the condition (M3) in the theorem with the condition (M4): the conformal weights of all irreducible modules over V are non-negative. Note that the conformal weights of the non-vacuum irreducible modules over the chiral algebra (VOA) of a unitary RCFT are positive. In order to prove the theorem, we first show a lemma.
Lemma 6.1. Let L(f ) = 0 be a modular linear differential equation of order n ≤ 4 and weight 0. Let α 1 , . . . , α n be all indices of L(f ) = 0 and suppose that α i ∈ Q and α i < α j for
Proof. Since F forms a vector-valued modular form of weight 0, we have a non-zero classical modular form G of weight n 2 −n−12
, which is equal to −n(n − 1)/12, we find that n(n − 1)/12 is equal to the sum of all exponents. Thus we find n 2 − n − 12
Recall that the indices of (♯ µ(t) ) are given by −t/12 and (t + 2)/12 ( [KNS] ). We now prove Theorem 6.1.
Proof of Theorem 6.1. Put d = dim V 1 and letc be the effective central charge of V . By using (M1) and (M2), we see that (c, d) = (2/5, 0), (2/5, 1), (1, 1), (1, 3), (2, 3), (2, 8), (14/5, 14) , (4, 28), (4, 8), (26/5, 52), (6, 78), (6, 14), (7, 133) , (38/5, 190) or (8, 248) , and s = µ(c/2) ([MMS1] and [KNS] ). The assumption (M3) forces (c, d) = (2/5, 0), (2/5, 1) and (1, 1). Since V 1 is a reductive Lie algebra and rank V 1 ≤c by [DM1, Theorem 1.1 and Theorem 1.2], we see that V 1 is one of the Lie algebras listed in Table 1 . 
It follows from [DM2, Theorem 1.1] that the tensor product affine
is embedded in V , where n ∈ Z >0 and g 1 , . . . , g n are simple ideals of g such that g decomposes into the sum g = a ⊕ n i=1 g with an abelian Lie algebra a. By comparing dim V 2 with dim U 2 , we see that n = 1, k 1 = 1 and g is a Lie algebra in the Deligne exceptional series. (The dimension of V 2 can be computed by using the MLDE (♯ µ(c/2) ). We here only give a proof of the case d = 28. The other cases are proved in a similar way.
Since χ V (τ ) is a solution of CFT type of (♯ µ(2) ) and dim V 1 = 28, it follows that χ V (τ ) = q α (1 + 28q + 134q 2 + O(q 3 )) with α ∈ Q, and hence we have dim V 2 = 134. Suppose that
. We see that dim U 2 = 280 if k 1 = k 2 = 1, dim U 2 = 434 if k 1 = 1 and k 2 = 1 and dim U 2 = 357 otherwise, which contradicts dim V 2 = 134. Hence,
Then we have k = 1 since dim U 2 = 434 otherwise. Hence V 1 (D 4 ) is embedded in V . Since the space of the characters of V 1 (D 4 )-modules is 2-dimensional and the exponents of V 1 (D 4 )-modules are −1/6 and 1/3, it follows that the characters of V 1 (D 4 ) satisfy (♯ µ(2) ) by Lemma 6.1. Therefore,
, and since the central charge of V 1 (D 4 ) is 4, we see that s = µ(c/2).
Remark 6.1. (i) In [MMS1] and [MMS2] , it is also proved that a RCFT whose characters satisfy (♯ µ(1/5) ) coincides with the Virasoro minimal model of central charge −22/5.
(ii) In Theorem 6.1, we can replace condition (M3) with (M4). (The condition (M4) is stated just after Theorem 6.1.) It is because in the proof of Theorem 6.1, we use (M3) in order to exclude the cases (c, d) = (2/5, 0), (2/5, 1) and (1, 1). However, (M4) also excludes the cases of (c, d) = (2/5, 0) and (1, 1). Sincec ≥ rank(V 1 ), we also have (c, d) = (2/5, 1). Hence Theorem 6.1 holds even if we replace (M3) with (M4).
6.2. Extensions of a Virasoro minimal model. We denote by L(−3/5, 0) the Virasoro minimal model of central charge −3/5. In this subsection we study extensions of L(−3/5, 0), which will be used to study W-algebras in the subsequent sections § 7 and § 8. Z ≥0 -graded VOA of the form
, 0) with a simple, rational, C 2 -cofinite VOA V and a simple current V -module P . It then follows that P ⊠ P = V . Let M be an irreducible V -module and h an element of {0, −1/20, 3/4, 1/5}. (2) Since (M ⊠ P ) ⊠ P ∼ = M by the associativity of the fusion products and P ⊠ P ∼ = V , the statement follows from (1).
Identification and W-algebras
In this section we show the following theorem.
Theorem 7.1. If g is a Lie algebra in the Deligne exceptional series, then the characters of the Ramond-twisted modules over the W-algebra W −h ∨ /6 (g, f θ ) satisfy (♭ s ), where s is given by (1.1).
We first introduce some notations and show a lemma, which is needed to give a proof of Theorem 7.1.
Let g be a Lie algebra in the Deligne exceptional series and
∨ /6 associated with g and a minimal nilpotent element f θ of g. If g = A 1 , then it is well known that W (A 1 ) ∼ = L(−3/5, 0) (see e.g. [KRW] ). Therefore, we see that the characters of W (A 1 ) satisfy (♭ −3/5 ).
We now suppose that
where θ is the highest root of g and A 1 (θ) is the simple Lie algebra of type A 1 generated by the highest and lowest root vectors of g.
We denote by Mod and Mod tw the sets of the equivalence classes of the irreducible untwisted and Ramond-twisted modules over W (g), respectively. Let S be the space of characters of Ramondtwisted W (g)-modules and T the space of characters of U g -modules.
Proof of Theorem 7.1. For g = A 2 , G 2 , D 4 , F 4 , E 6 , E 7 and E 8 , the numbers s in (1.1) are s = 2/5, 6/5, 12/5, 18/5, 22/5, 27/5 and 32/5, respectively. We show the assertion in a case by case basis.
, the complete set of the irreducible modules over V √ 3A 1 up to isomorphisms is given by N k := V √ 3A 1 +k √ 3α/6 with k ∈ Z 6 . The conformal weights of N i (0 ≤ i ≤ 5) are 0, 1/12, 1/3, 3/4, 1/3 and 1/12, respectively. The space T has a basis (
with the conformal weights −1/20, 1/12, 17/60, 3/4, respectively. Since the central charge of W (A 2 ) is 2/5, the exponents of this basis of S are −1/15, 1/15, 4/15, 11/15. As they correspond to the indices of MLDE (♭ 2/5 ), we see that each element of S satisfies (♭ 2/5 ) by Lemma 6.1.
, the complete set of the irreducible modules over V 3 (A 1 ) up to the isomorphisms is given by N k := V 3 (A 1 ; kα/2) with k ∈ Z 4 . The conformal weights of N i (0 ≤ i ≤ 3) are 0, 3/20, 2/5 and 3/4. Since
with the conformal weights −1/20, 3/20, 7/20, 3/4, respectively. Since the central charge of W (G 2 ) is 6/5, the exponents of the basis of S are −1/10, 1/10, 3/10, 7/10, which shows that each element of S satisfies (♭ 6/5 ) by Lemma 6.1.
, the complete set of the irreducible modules over V 1 (A 1 ) ⊗3 up to the isomorphisms is given by
with the conformal weights −1/20, 1/4, 9/20, 3/4, respectively. Since the central charge of W (D 4 ) is 12/5, the exponents of the basis of S are −3/20, 3/20, 7/20, 13/20, which shows that each element of S satisfies (♭ 12/5 ) by Lemma 6.1.
, the complete set of the irreducible modules over V 1 (C 3 ) is given by N k := V 1 (C 3 ; ̟ k ) with k ∈ Z 4 , where ̟ 0 = 0. The conformal weights of N k (0 ≤ k ≤ 3) are 0, 7/20, 3/5 and 3/4, respectively. Since
with the conformal weights −1/20, 7/20, 11/20, 3/4, respectively. Since the central charge of W (F 4 ) is 18/5, the exponents of the basis of S are −1/5, 1/5, 2/5, 3/5, which shows that each element of S satisfies (♭ 18/5 ) by Lemma 6.1. 3/4) with the conformal weights −1/20, 5/12, 37/60, 3/4, respectively. Since the central charge of W (E 6 ) is 22/5, the exponents of the basis of S are −7/30, 7/30, 13/30, 17/30, which shows that each element of S satisfies (♭ 22/5 ) by Lemma 6.1. 
with the conformal weights (−1/20, 1/2, 7/10, 3/4), respectively. Since the central charge of W (E 7 ) is 27/5, the exponents of the basis of S are −11/40, 11/40, 19/40, 21/40, which shows that each element of S satisfies (♭ 27/5 ) by Lemma 6.1.
, the complete set of the irreducible modules over V E 7 is N k := V E 7 +k̟ 7 with k ∈ Z 2 . The conformal weights of N 0 and N 1 are 0 and 3/4, respectively. Since These proves the statements.
Remark 7.1. (a) If we formally set h ∨ = 24 (the number 24 is not the dual Coxeter number of any Lie algebra in the Deligne exceptional series) into (1.1), we see that (♭ 6 ) also has a solution of CFT type. The number h ∨ = 24 appears in many studies related with the Deligne exceptional series (see e.g. [CdM] , [MMS1] , [LM] and [K1] ). A similar phenomenon is observed in the study of the second order MLDEs (see [MMS1] and [K1] ). We now explain this phenomenon. Let g be a Lie algebra in the Deligne exceptional series. The characters of the affine VOA V 1 (g) associated with g satisfy (♯ µ(cg/2) ), where c g is the central charge
Since the Lie algebra g in the Deligne exceptional series satisfies dim g = 2(5h ∨ − 6)(h ∨ + 1)/(h ∨ + 6) by the Deligne dimension formula (see e.g. [CdM] and [D] ), the number c g is a rational function in h ∨ . If we formally substitute h ∨ = 24 into the rational function c g in h ∨ , we have c g = 38/5, and (♯ µ(19/5) ) has solutions of CFT type and character type. A vertex algebra V E 7+1/2 associated with the intermediate Lie algebra E 7+1/2 ( [LM, W] ) was constructed in [K1] , and modular invariant characters of V E 7+1/2 were shown to satisfy (♯ µ(19/5) ) (see [K1] ). If we formally substitute h ∨ = 3/2 into the rational functions c g and (1.1), we have c g = 2/5 and s = −6/5. The MLDE (♯ µ(1/5) ) has a solution of CFT type with the exponent −c g /24(= −1/60), and (♭ −6/5 ) has a solution f = 1.
(b) Let g be a Lie algebra in the Deligne exceptional series and M a unique Ramond-twisted irreducible W −h ∨ /6 (g, f θ )-module with the minimum conformal weight. Since the character of M is of CFT type, we can obtain for any given n ≥ 0 a formula for dim M n in terms of the variable h ∨ by using (3.1) with a 0 = 1 (cf. [T] ).
Characterization of W-algebras associated with the Deligne exceptional series
Recall the Main Conditions given in Introduction. In this section we prove the following theorem.
Theorem 8.1. Let W be a simple, C 2 -cofinite, Z 2 -rational, 1 2 Z ≥0 -graded, conical vertex operator algebra. Suppose that W satisfies the Main Conditions. Then W is isomorphic to W −h ∨ /6 (g, f θ ) associated with a Lie algebra g = A 1 in the Deligne exceptional series.
In order to prove Theorem 8.1, we will show several propositions. Let W = n∈(1/2)Z W n be a simple, C 2 -cofinite, Z 2 -rational, 1 2 Z ≥0 -graded, conical VOA with central charge c ∈ C. Assume that W satisfies the Main Conditions. Then we have a complex number s which satisfies (a) in the Main Conditions. Moreover, we have a simple, C 2 -cofinite, rational VOA V of CFT type, and a simple current V -module P satisfying (b).
We first give candidates of the number s. . Here we say that two functions f and g of character type satisfy f ≥ g if a n ≥ b n for any n ∈ Z ≥0 , where f (τ ) = ∞ n=0 a n q n+α and g(τ ) = ∞ n=0 b n q n+β denote the Fourier expansions of f and g with a 0 , b 0 = 0. However, the solutions of CFT type of (♭ −6/5 ) and (♭ −8/5 ), which can be found in Appendix B (c) and (q), are not greater than nor equal to
Thus s = −6/5 nor −8/5, which completes the proof.
We next construct a VOA R from V and P . We will later show that the characters of R satisfy a specific MLDE of order 2 if s = 32/5. (Then by Theorem 7.1, we specify R, which enables us to determine V and P .) Let A 1 be a simple Lie algebra of type A 1 and α a positive root of A 1 . The affine VOA V 1 (A 1 ) has a unique non-vacuum irreducible module V 1 (A 1 ; α/2). It is well known that V 1 (A 1 ; α/2) is a simple current with V 1 (A 1 ; α/2) ⊠ V 1 (A 1 ; α/2) = V 1 (A 1 ) and the conformal weight of V 1 (A 1 ; α/2) is 1/4. Proposition 8.2. There is a unique vertex operator algebra R of the form
Proof. Put A = V ⊗V 1 (A 1 ) and B = P ⊗V 1 (A 1 ; α/2). Since the conformal weight of B is an integer, we have a super VOA R such that R = A ⊕ B, which is unique up to isomorphisms of super VOAs (see [C] ). Let u be a non-zero element of P and v a highest weight vector of L(−3/5, 3/4). Since W is simple, of h-weight α/2 satisfies e α/2 (−3/2)e α/2 = k 1 e α with a non-zero number k 1 ∈ C, where e α is a homogeneous element of h-weight α. It then follows that
It follows from Lemma 5.1 that R is a VOA since e −π √ −1(a−2) = 1.
We next describe the irreducible modules over V . It turns out in the following proposition that the space of characters of V -modules is at most 4-dimensional, which will show that the space of characters of R-modules is at most 2-dimensional. We denote by h M the conformal weight of an irreducible V -module M. Let A denote the set of isomorphism classes of irreducible V -modules M which satisfy h M ∈ Z and h M ⊠P − h M ∈ 3/4 + Z.
Proposition 8.3. The set {V, P } ⊔ A ⊔ (A ⊠ P ) is the complete set of the isomorphism classes of irreducible V -modules, where A ⊠ P = {M ⊠ P |M ∈ A}. Moreover, for any M, N ∈ A, both equalities χ M = χ N and χ M ⊠P = χ N ⊠P hold.
To show the proposition, we will prove several lemmas. We write the conformal weight of each irreducible Ramond-twisted W -module L as r L .
Lemma 8.1. (I) For any irreducible V -module M, the conformal weights of M and M ⊠ P satisfy either 
, which implies that χ L(M ;k) and χ L(V ;k) are linearly-independent. Then we have i, j ∈ {1, . . . , 4} such that i = j, α i − α j ∈ Z and r L(V ;k) ∈ α i + Z. Here α 1 , . . . , α 4 are the indices of (♭ s ). It follows by (a) that α i = α j . Since (♭ s ) has at most one pair of multiple indicial roots, we have a solution with a logarithmic term, and the space spanned by the solutions of (♭ s ) of character type whose exponents belong to α i + Z is one-dimensional. It contradicts the linearly-independence of Proof. We first show that either
holds, whose proof is divided into 4 cases: The assertions 3-4 are proved in a similar way, which completes the proof of (8.1). We now prove the lemma. Suppose first that h M = h N . Then we have χ M = χ N by (e). It then follows from (A) and (f) 
We have completed the preliminaries on the proof of Proposition 8.3.
Proof of Proposition 8.3. Let M and N be elements of A. Since P ⊠ P ∼ = V , by Lemma 8.1 (I) and Lemmas 8.2-8.3, it suffices to show r L(M ;k) = r L(N ;k) for each k = −1/20, 3/4. We devide the proof into 3 parts: 1. s = 6 nor 6/5, 2. s = 6, and 3. s = 6/5. 2. If s = 6, then there exists a unique pair of 1 ≤ i < j ≤ 4 such that α i = α j . Therefore, there is a solution of (♭ s ) with a logarithmic term, and the space of characters of Ramond-twisted W -modules is at most 3-dimensional. Hence, there are at most 3 conformal weights of W -modules. 
The discussions 1-3 show the lemma.
We now give a proof of Theorem 8.1.
Proof of Theorem 8.1. We divide a proof into two parts ( is not of CFT type. Therefore, the central charge of V is 7 and h P = 3/4. Then Lemma 6.1 shows that the characters of V satisfy (♯ µ(7/2) ), which implies dim V 1 = 133. By using (d), we see that the VOA V is selfdual. Therefore, by Theorem 6.1 we have V ∼ = V 1 (E 7 ) and P ∼ = V 1 (E 7 ; ̟ 7 ), and then V ∼ = U E 8 and P ∼ = P E 8 . By Lemma 7.1, we see that By Proposition 8.2, we have the simple current extension R of V ⊗V 1 (A 1 ) by P ⊗V 1 (A 1 ; α/2). It follows from Proposition 8.3 that the space of characters of R-modules has a basis which consists of the characters of R itself and
. Since m ≤ −1, the conformal weight of K is h M + m + 1. As the central charge of V is 12h M + 12m + 9, that of R is 12h M + 12m + 10. Since the exponents of the characters of R coincide with the indices of (♯ µ(6h M +6m+5) ), the characters of R satisfy (♯ µ(6h M +6m+5) ) by Lemma 6.1. It follows from (d) that R is self-dual. As A 1 ⊂ R 1 , Theorem 6.1 implies that R ∼ = V 1 (g) with a Lie algebra g in the Deligne exceptional series. Since P = 0 and R has two irreducible modules, it follows that g = A 1 and E 8 . Therefore, we have V = U g , P = P g and that W is isomorphic to W −h ∨ /6 (g, f θ ) by Lemma 7.1. Thus we have proved Theorem 8.1.
The other identification problems
In Theorem 7.1, we find rational VOAs whose characters satisfy (♭ s ) when s has the form (1.1) with the dual Coxeter number h ∨ of one of the Lie algebras in the Deligne exceptional series. Moreover, we discuss the case of s = 6 and s = −6/5 (these numbers are given by (1.1) with h ∨ = 24 and 3/2) in Remark 7.1. In this section we discuss about the problem how to find rational VOAs whose characters satisfy (♭ s ), where s is one of the remaining numbers appearing in (4.2).
(1) s = −48/5. By Proposition 4.2, the characters of a simple C 2 -cofinite rational VOA of CFT type do not satisfy (♭ −48/5 ). The affine VOA V = V −3/2 (G 2 ) at admissible level −3/2 is not C 2 -cofinite but semi-simple in the category O. The VOA V has two ordinary irreducible modules with the conformal weights 0 and 4/5. The characters of ordinary modules over affine VOAs at admissible levels satisfy MLDEs ( [AK] ). Since the central charge of V −3/2 (G 2 ) is −42/5, the irreducible characters have the forms q 7/20 (1+14q+ ∞ n=2 a n q n ) and q 23/20 (7+ ∞ n=1 b n q n ) with nonnegative integers a n and b n . Since the solutions f 0 and 7f 4/5 of (♭ s ) defined in (a) of Appendix B also have this form, we propose a conjecture below.
Conjecture 1. The characters of the irreducible ordinary modules over V −3/2 (G 2 ) coincide with the solutions f 0 and 7f 4/5 of (♭ −48/5 ).
Note that if this conjecture is true, The solution f 0 in (a) in Appendix B gives a character formula of V −3/2 (G 2 ) in terms of modular forms in Table 2 .
(2) s = −38/5. The same argument as in (1) suggests the following conjecture.
Conjecture 2. There exists an extension V of the admissible affine vertex operator algebra
2 ). Moreover, the characters of the ordinary irreducible modules over V coincide with the solutions f −8/15 and f −1/3 of (♭ −38/5 ) up to a scalar multiple.
(3) Let s be an element of {54/5, 18, −66/5, −6}. Let V be a rational VOA and suppose that the characters of V satisfy (♭ s ). There is a solution of vacuum type of (♭ s ) of exponent −s/24. However, since 1 − s/24 is the exponent of a solution of (♭ s ), it is difficult to know the dimension of the Lie algebra V 1 . If we know dim V 1 , we have finite candidates of the structure of V 1 , and it often enables us to find affine sub VOA of V . Then by using the representation theory of affine VOA's, there is a chance to determine the structure of V . However, since it is difficult to determine dim V 1 in this case, we can not use this discussion, which makes it difficult to find V . When s = 18 or −6, the character of the trivial VOA V = C satisfies (♭ s ) since f = 1 is a solution of (♭ s ). 
Appendix A. Modular forms, differential relations and functional equations
In this appendix we introduce some modular forms of levels N = 2-5 and 15 to describe solutions of (♭ s ) in Appendices B-C. The modular forms are listed in Table 2 . Moreover, we list some differential relations and functional equations of modular forms in (a)-(g) below. By using these, we can prove that the functions listed in Appendices B-C are solutions of (♭ s ).
The first column of Table 2 is the names of the modular forms f . The second column shows the Fourier expansion f (τ ) = ∞ n=0 a n q n+α of f , where τ ∈ H and q = e 2πiτ . The third and fourth columns are the weight and level of f , respectively. 
These modular forms and Eisenstein series satisfy the following differential relations and functional equations.
(a) Level 2 (e) Level 10
By using the above (a)-(g), we can prove that the functions listed in Appendices B-C are solutions of (♭ s ).
Appendix B. Modular linear differential equations with a solution of CFT type
In this appendix we list a fundamental system of solutions of (♭ s ) in a case by case basis when (♭ s ) has a solution of CFT type and does not have a quasimodular solution of positive depth. Among s in (3.12), the numbers in (4.2) have the required conditions. The solutions of the remaining cases are given in Appendix C. For r ∈ Q, the solution f r in this section has the form f r (τ ) = q r−α/24 (1 + O(q)), where α is a formal central charge of (♭ s ).
(a) s = −48/5. A fundamental system of solutions of (♭ −48/5 ) is given by
= q 23/20 1 + 14q + 769 7 q 2 + 642q 3 + 3103q 4 + 13078q
(b) s = −38/5. A fundamental system of solutions of (♭ −38/5 ) is given by
where G 1 (u, x, y), G 2 (u, v, x, y, w) and G 3 (u, v, x, y, w) are homogeneous polynomials of degree 3, 5 and 5, respectively (they are given in Appendix D).
(c) s = −6/5. The following functions are solutions of (♭ −6/5 ):
It seems unlikely that f 1/5 and f 4/5 are modular forms (since denominators of the Fourier coefficients of them looks like unbounded). Since (♭ −6/5 ) has the index 0 as a double root, (♭ −6/5 ) has a solution with logarithmic terms. However, modular functions
on Γ(30) satisfy a third order MLDE
The other solution of this MLDE is given by
A fundamental system of solutions of (♭ −3/5 ) is given by
(e) s = 2/5. A fundamental system of solutions of (♭ 2/5 ) is given by
(f) s = 6/5. A fundamental system of solutions of (♭ 6/5 ) is given by
η(q) 12/5 = q 7/10 1 + 2q + 7q 2 + 16q 3 + · · · .
(g) s = 12/5. A fundamental system of solutions of (♭ 12/5 ) is given by
(h) s = 18/5. A fundamental system of solutions of (♭ 18/5 ) is given by
(i) s = 22/5. A fundamental system of solutions of (♭ 22/5 ) is given by
where G 4 (u, v, x, y), G 5 (u, v, x, y, w) and G 6 (u, v, x, y, w) are homogeneous polynomials of degree 3, 4 and 4, respectively (they are written in Appendix D).
(j) s = 27/5. A fundamental system of solutions of (♭ 27/5 ) is given by
where G 7 (u, v, x, y), G 8 (u, v, x, y) G 9 (u, v, x, y, w) and G 10 (u, v, x, y, w) are homogeneous polynomials of degree 7, 7, 8 and 8, respectively, which are given in Appendix D.
(k) s = 6. The following functions are solutions of (♭ 6 ):
= q 3/10 1 + 99 4 q + 210q 2 + 7739 6
The function η(q) 12 = q 1/2 + · · · is a modular form of weight 6 on Γ(2). Then we have
since we see that the both-sides of this equality are solutions of ϑ 6 (f ) = 0 by using functional equations given in Appendix A (d) , and the leading coefficients of both q-series are one. Hence, f r is a modular function on Γ(10) for each r = 0, 3/5, 4/5. We have the MLDE (♭ 6 ) by applying the Serre derivation ϑ 6 (F ) = F ′ − (E 2 /2)F to the third order MLDE
which have the formal conformal weights 0, 3/5, 4/5 and formal central charge 6. There is a solution of (♭ 6 ) with a logarithmic term of the form (l) s = 32/5. There exist solutions of (♭ 32/5 ) of the forms
= q 29/60 1 + 58 3 q + 493 3 q 2 + 57362 57
The functions f 0 and f 4/5 satisfy (♯ µ(19/5) ) and the MLDE (♭ 32/5 ) is rewritten as
where L(f ) is the left-hand side of (♯ µ(19/5) ). Hence we have other two solutions which are given by The latter two solutions are most likely not modular functions (since the denominators of coefficients of q-series look like unbounded).
(m) s = 54/5. A fundamental system of solutions of (♭ 54/5 ) is given by (n) s = 18. A fundamental system of solutions of (♭ 18/5 ) is given by
where G 11 (x, y), G 12 (x, y) and G 13 (x, y) are homogeneous polynomials of degree 23, 23 and 48, respectively. They are given in Appendix D.
(o) s = 66/5. A fundamental system of solutions of (♭ 66/5 ) is given by (p) s = −6. A fundamental system of solutions of (♭ −6 ) is given by
= q 1/5 1 + 4q + 296 11 q 2 + 110q 3 + 4344 11 
We see that f 0 and f −1/5 also satisfy (♯ µ(1/5) ), and (♭ −8/5 ) is rewritten as
, where L 1/5 (f ) denotes the left-hand side of (♯ µ(1/5) ). Hence two other solutions are given by 
It is most likely that the last two solutions are not modular functions (since the denominators of coefficients of q-series look like unbounded).
Appendix C. Bases of Modular linear differential equations with solutions of quasimodular forms of positive depths
In this appendix we construct a fundamental system of solutions of (♭ s ) when (♭ s ) has a quasimodular solution of positive depth of CFT type. Among the candidates for s given in (3.12), the six numbers −318/5, −198/5, −138/5, −78/5, −18/5 and 42/5 give such cases.
C.1. Quasimodular forms and solutions with logarithmic terms. If a MLDE L(f ) = 0 of weight k has solutions of quasimodular forms of weight k + r and depth r (> 0), then there are solutions of L(f ) = 0 with logarithmic terms (see [KNS] ).
For a congruence subgroup Γ ⊂ SL 2 (Z), we now suppose that a quasimodular form F k := A k E 2 + B k of weight k + 1 and depth 1 on Γ is a solution of a MLDE (of weight k on SL 2 (Z)), where A k and B k are modular forms on Γ of weight k −1 and k +1, respectively. Then the function
is a solution by modular invariance property. We find that
C.2. Solutions of modular linear differential equations of quasimodular forms of positive depths. In this subappendix we list solutions of (♭ s ) of quasimodular forms, where s is listed in the beginning of Appendix C. By using construction in Subappendix C.1, we have a fundamental system of the space of solutions of (♭ s ).
(a) s = −318/5. Let ψ 1 and ψ 2 be the modular functions defined in Appendix A. A set of two linearly independent solutions of (♭ −318/5 ) is given by
where F 1 (x, y) and F 2 (x, y) are homogeneous polynomials of degree 151 and 161, respectively.
(They are given in Appendix D). The solutions f 0 and f 4/5 are quasimodular forms of weight 1 and depth 1. The system (f 0 , f 4/5 , G(f 0 ), G(f 4/5 )) is a fundamental system of solutions of (♭ −318/5 ).
Here G( * ) is a function with a logarithmic term defined in Subappendix C.1.
(b) s = −198/5. A set of two linearly independent solutions of (♭ −198/5 ) is given by
where F 3 (x, y) and F 4 (x, y) are homogeneous polynomials of degree 91 and 101, respectively (they are given in Appendix D). The solutions f 0 and f 4/5 are quasimodular forms of weight 1 and depth 1. The system (f 0 , f 4/5 , G(f 0 ), G(f 4/5 )) is a fundamental system of solutions of (♭ −198/5 ).
(c) s = −138/5. A set of two linearly independent solutions of (♭ −138/5 ) is given by The solutions f 0 and f 4/5 are quasimodular forms of weight 1 and depth 1. Moreover, the system (f 0 , f 4/5 , G(f 0 ), G(f 4/5 )) is a fundamental system of solutions of (♭ −138/5 ). The solutions f 0 and f 4/5 are quasimodular forms of weight 1 and depth 1. Moreover, the system (f 0 , f 4/5 , G(f 0 ), G(f 4/5 )) is a fundamental system of solutions of (♭ −78/5 ). The solutions f 0 and f 4/5 are quasimodular forms of weight 1 and depth 1. Moreover, the system (f 0 , f 4/5 , G(f 0 ), G(f 4/5 )) is a fundamental system of solutions of (♭ −18/5 ).
(f) s = 42/5. A set of linearly independent solutions of (♭ 42/5 ) is given by The solutions f 0 and f 1/5 are quasimodular forms of weight 1 and depth 1. Moreover, the system (f 0 , f 4/5 , G(f 0 ), G(f 4/5 )) is a fundamental system of solutions of (♭ −42/5 ).
Remark C.1. The numbers s = −318/5, −198/5, −138/5, −78/5, −48/5 and −38/5 in (3.12) has the form s = −2(5h ∨ +9)/5 with the dual Coxeter numbers h ∨ of the Lie algebras E 8 , E 7 , E 6 , D 4 , A 2 and A 1 (the simply-laced Lie algebras in the Deligne exceptional series). When we substitute h ∨ = 3/2, 4, 9 and 24 (the dual Coxeter numbers of the non simply-laced Lie algebras G 2 and F 4 in the Deligne exceptional series and formal dual Coxeter numbers of A 1/2 and E 7+1/2 [LM, K1] ) in the above expression of s, we have s = −33/5, −58/5, −108/5 and −258/5. Let s be one of the numbers −33/5, −58/5, −108/5 and −258/5. We believe that the modular linear differential equation (♭ s ) has a solution of the form q α 1 (5 + ∞ n=1 a n q n ) with a n ∈ Z ≥0 . We checked it for small values of n: we see that a n ∈ Z ≥0 for 1 ≤ n < 100.
The MLDEs (♭ 282/5 ) and (♭ 132/5 ) can also have solutions of the form q α 1 (5 + ∞ n=1 a n q n ) with a n ∈ Z ≥0 . Appendix D. The polynomials which expresses the solutions of modular linear differential equations
In this appendix we define the polynomials appearing in the solutions of (♭ s ) in Appendices B-C.
G 1 (u, v, x, y) = 180(7u 3 + v 3 ) − 9(11u 2 − 31v 2 )x − x 2 (213u + 39v + 34x) + 162(u 2 + v 2 )y − 5y 2 (195u − 15v + 17y) , 
